We investigate the collective radiance characteristics of qubits in the ultrastrong coupling regime, where the radiance witness is defined based on the resonator-qubit dressed basis. The ultrastrong hyperradiance effect is demonstrated when the dressed state of system is resonantly driven. Interestingly, we show that, besides the resonator-qubit coupling strength, the parity-symmetry-breaking induced cascade-transition can significantly enhance the collective radiance of qubits, which allows us to manipulate the transitions between subradiance, superradiance, and hyperradiance via adjusting the parity symmetry of system with an external magnetic field. This work extends the collective radiance theory to the ultrastrong coupling regime, and offers the potential applications in the engineering of new laser devices.
I. INTRODUCTION
The theory of the collective radiance is of great importance in quantum optics, and has important applications in lasing engineering [1] [2] [3] , precision measurement [4] [5] [6] , and quantum information [7, 8] . One of the very intriguing phenomena exhibiting the collective radiance behavior is superradiance discovered by Dicke in 1954 [9] . Specifically, the radiance intensity from an atomic ensemble can be enhanced with a factor of N 2 (N is the atom number). Recently, the enhanced radiance factor that is larger than N 2 has also been present in the cavity quantum electrodynamics (QED) system, called as hyperradiance [10] [11] [12] , which has stronger collective radiance effect than superradiance. The above theoretical results push the corresponding experimental progresses, including superradiance laser [2, 13] , the measurement of collective Lamb Shift [5, 14] , the research of coherence properties of Bose-Einstein Condensate [15, 16] , and the realization of superradiance in quantum dots [17] and artificial atomic systems [18] . However, the present collective radiance theories are confined to the weak and strong coupling regimes.
Recently, ultrastrong coupling regime, the light-matter coupling rate reaching the order of 10% of the bare resonance frequency of photons or the transition frequency of quantum emitters, has been reached experimentally in a variety of solid state quantum systems [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In this regime, the counter-rotating terms in the interaction Hamiltonian are non-ignorable [29] , and in some cases, the parity symmetry of system can not be conserved approximately [30, 31] . Thus many novel quantum effects emerge in the ultrastrong coupling regime, such as vacuum degeneracy [32] , the generation of correlated photon pairs from the initial polariton vacuum state [33] , * Electronic address: xinyoulu@hust.edu.cn † Electronic address: yingwu2@126.com non-classical state [34] , Casimir-like photon [35] and so on [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Then extending the collective radiance theory to the ultrastrong coupling regime becomes interesting in the exploration of novel effects and the application of the lasing theory.
In the ultrastrong coupling regime, the usual radiance witness [10] [11] [12] , defined by an independent system operator, is failed for the description of collective radiance characteristics of system. Here, we rewrite the radiance witness in terms of resonator-qubit dressed basis, which is valid for any resonator-qubit coupling strength. We find that the ultrastrong resonator-qubit coupling could significantly enhance the collective radiance of qubits under the condition of resonantly driving the dressed state of system, which leads to the emergence of enhanced hyperradiance. The parameter ranges for different radiance effects, such as subradiance and hyperradiance, become more distinguishable. Moreover, we also show that the resonator-qubit detuning could change the property of the radiance, allowing for transitions between different radiance effects.
More interestingly, when the coupling strength is fixed, the collective radiance of qubits can also be enhanced by breaking the parity symmetry of system, e.g., making the radiance property of system from subradiance and superradiance to hyperradiance. This originally comes from the symmetry-breaking-induced cascade-transition of decay during the dressed states. Note that, in some cases (e.g., the superconducting circuits), the system parity symmetry could be controlled by an external magnetic field [30, 53] . Then our results allow us to realize the controllable transitions between the subradiance, superradiance and hyperradiance via adjusting the system parity symmetry, which might inspire new laser technologies. Our work is also fundamentally interesting in building the collective radiance theory in the ultrastrong coupling regime. Here the system parameters are chosen as ωc = ωσ and λ/ωσ = 0.1.
II. SYSTEM AND COLLECTIVE RADIANCE WITNESS.
We consider a circuit-QED system that consists of a single-mode resonator coupled to two qubits driven by coherent microwave field. The Hamiltonian of system can be given by ( = 1)
with
where, a (a † ) is the annihilation (creation) operator of the resonator with resonance frequency ω c , σ
is the raising (lowering) operator for the j th qubit with transition frequency ω σ , and σ
The constant λ is the coupling rate between the resonator mode and each qubit. The term Here, the mixing angle θ, describing the relative contribution of the transverse and longitudinal couplings, can be controlled by adjusting an external magnetic flux Φ x threading the qubit loop, i.e., sin θ = ∆/ω σ , where ∆ is the qubit energy gap [30, 53, 54] . The value of θ can influence the transition of radiance via changing the parity symmetry of the system, and will further produce an effect on the collective radiance property of the system. Here, the parity operator of the system is defined -58] . For θ = π/2, with [H 0 , Π] = 0, the parity of the number of excitations in the Hamiltonian H 0 is conserved. However, the parity-symmetry of H 0 is broken when θ = π/2, i.e., [H 0 , Π] = 0. This enables a cascade transition between adjacent dressed states, e.g., the transition |ϕ 3 → |ϕ 1 in Fig. 1(d) , which is forbidden for the case of parity symmetry conservation. Here, the dressed states are given approximately, i.e.,
Note that the term leading parity-symmetry-breaking can be ignored safely by the rotating wave approximation (RWA) in the weak and strong coupling regimes.
To describe the system more realistically, the influence of dissipation on the system needs to be taken into account. The system coupled to a zero temperature environment can be studied by a quantum optical master equation. However, the standard master equation is failed to provide a correct description for the dynamics of the system in the case of λ ∼ ω c , ω σ . Because in the ultrastrong coupling regime, the qubits and resonator mode can form an inseparable system with the new dressed states. We thus write the system Hamiltonian operators in terms of the resonator-qubit dressed basis |ϕ n (n = 0, 1, 2...), where H 0 |ϕ n = E n |ϕ n . By applying Born-Markov approximation and tracing out the environment degrees of freedom, the master equation for the reduced density matrix of the system reads [44, 45, 50] 
where the Liouvillian superoperator
The constants κ and γ σ describe the damping rates of the cavity and the qubits, respectively.
Here, In this work, we explore the collective radiance characteristics of qubits in the steady-state limit. According to the input-output theory, the photon emission from qubits can be measured by detecting the average photon number from cavity. The output photon rate of the cavity is expressed as Ψ out = κ X − X + , obtained by the inputoutput relation a out (t) = a in (t) − √ κX + (t) in the case of ω c ≈ ω σ , where the input is in the vacuum. The photon emission could be detected in photodetection experiment by coupling the qubit to a microwave antenna [59] . The radiance characteristics of two qubits can be described by a radiance witness
Here, X − X + 2 is the average photon number when a cavity is coupled to two qubits, and X − X + 1 corresponds to the case of coupling the cavity to only one qubit. Under this definition, R = 0 indicates an uncorrelated radiance between two qubits. Specifically, the emission photons of two qubits are the sum of that of two isolated qubits, i.e., X − X + 2 = 2 X − X + 1 . R < 0 corresponds to the subradiance of two qubits, i.e.,
, indicating the suppression of radiance. The range of 0 < R ≤ 1 corresponds to the regime of superradiance, and R = 1 means that the radiance strength being proportional to the square of the number of qubits, i.e.,
, is the hyperradiance, which has stronger radiance effect than the superradiance behavior [10] [11] [12] .
III. RADIANCE WITHOUT PARITY SYMMETRY BREAKING
To clearly show the influence of resonator-qubit coupling strength on the radiance effect of qubits, we investigate the case θ = π/2 (holding the parity symmetry of system) in Figs. 2(a)-2(c) . It shows that the collective radiance effect of the qubits is significantly influenced in the ultrastrong coupling regime. Under different driving frequencies, one can obtain the subradiance, superradiance and hyperradiance, respectively. For example, when we resonantly drive the dressed state |ϕ 1 (or |ϕ 3 ) of the system including two qubits, the strong hyperradiance is obtained, which corresponds to the peaks in Fig. 2(a) . This comes from the emission of photons between the two states |ϕ 1 (or |ϕ 3 ) and |ϕ 0 with different transition paths [10] . For the case of resonantly driving the dressed state of the system that consisting of one qubit, the subradiance can be obtained, corresponding to the deeps in Fig. 2(a) . These imply that there are different optimal radiance frequencies for the systems containing different numbers of qubit, as shown in Figs. 1(a) and  1(b) .
The distance between the peak and the deep is getting farther and farther away with increasing the resonatorqubit coupling strength λ. This result can be understood from the energy spectrum [see Figs increasing the resonator-qubit coupling strength, the system consisting of a resonator coupled two qubits has a faster splitting speed between two adjacent dressed states than that coupled one qubit. In other words, when we fix the value of λ, the splitting between two peaks is larger than that of two deeps, which leads to an increase in the distance between the peak and the deep. Then, in the ultrastrong coupling regime, the regions of different radiance effects (e.g., superradiance and hyperradiance) become more distinguishable.
In Fig. 2(c) , we plot the dependence of the maximum radiance strength on λ and Ω. It also shows that the collective radiance effect is enhanced as increasing the value of λ, whereas too large drive strength will decrease the collective radiance of the qubits. This is because it is difficult to neglect the higher-order dressed states when Ω has a higher value. So the possible radiative transitions could lead to the occurrence of the destructive quantum path interference in the system. Moreover, we also show the influence of resonator-qubit detuning ∆ (∆ = ω c −ω σ ) on the radiance effect of qubits in Fig. 2(b) . In the presence of detuning , the enhanced collective radiance effects are still persisting, but the curve has an obvious shift due to the shift of dressed states. This allows for transitions between subradiance, superradiance and hyperradiance within the proper parameter ranges [see the arrow in the ranges 0.875 < ω d /ω σ < 0.917 and 1.12 < ω d /ω σ < 1.178 in Fig. 2(b) ].
Even for the case θ = π/2, the system can also hold the parity symmetry in the weak coupling regime when we ignore the term λ(a † + a) 2 j=1 cos θσ j z under RWA. However, in the ultrastrong coupling regime, the RWA becomes invalid and the parity symmetry of the system is broken. This property is clearly shown in Fig. 2(d) , which indicates that the system parity symmetry can significantly influence the collective radiance.
IV. RADIANCE WITH PARITY SYMMETRY BREAKING
Now let's investigate the influence of parity symmetry of system on the collective radiance effect in detail.
Firstly, in Fig. 4(a) , we plot the radiance witness R as a function of ω d /ω σ when θ = π/2 (holding parity symmetry) and θ = π/6 (breaking parity symmetry). It is shown that the parity-symmetry-breaking will significantly enhance the collective radiance when one resonantly drives the upper dressed state |ϕ 3 . Physically, this enhancement comes from the cascade-transition of decay during the dressed states, i.e, |ϕ 3 → |ϕ 1 , induced by the counter-rotating terms a † σ j z and aσ j z . Specifically, when the upper dressed state |ϕ 3 is resonantly excited, besides the radiance transition |ϕ 3 → |ϕ 0 , the parity-symmetry-breaking induced radiance transi- tions |ϕ 3 → |ϕ 1 → |ϕ 0 will also emit photons, which significantly enhance the radiance effect of the qubits. However, this cascade-radiance transition does not exist in the case of driving the lower dressed state |ϕ 1 .
Together with the reduced resonator-qubit interaction strength λ sin θ for θ = π/2, the radiance effect is suppressed by the parity-symmetry-breaking when we resonantly drive the lower dressed state |ϕ 1 [see the left peaks in Fig. 4(a) ]. Secondly, from Fig. 4(a) , we also see that the positions of the peaks and deeps have some shifts when the parity symmetry of the system is broken. This leads to a parity-symmetry-breaking induced transition from subradiance and superradiance to hyperradiance during the proper parameter range [see the arrow in the range 1.14 < ω d /ω σ < 1.263 in Fig. 4(a) ]. Then our results allow the realization of controllable radiance transition in the system with controllable parity symmetry. For example, in the superconducting circuit, one could obtain the transition from subradiance to hyperradiance by breaking system parity symmetry with an external magnetic field. To understand the above result, we plot the excitation spectrum of the systems including one qubit and two qubits, respectively, in Fig. 3 . Note that the resonant excitation frequencies for the cases of one qubit and two qubits correspond to the positions of deeps and peaks, respectively, in Fig. 4(a) . Comparing the cases of θ = π/6 and θ = π/2, we see that the parity-symmetry-breaking destroys the symmetry of the excitation spectrum, which ultimately leads to the shifts of the peaks and deeps of R in Fig. 4(a) .
Lastly, in Fig. 4(b) , we plot the dependence of the maximum radiance strength on λ and Ω for θ = π/6 and θ = π/2. It shows that the parity-symmetry-breaking can enhance the radiance effect in the ultrastrong coupling regime. Note that this enhancement effect can be ignored approximately in the weak and strong coupling regimes. This result is consistent with the Fig. 2(d) . Physically, the parity-symmetry-breaking can enhance the radiance of the qubits by inducing the cascade-transition of decay (|ϕ 3 → |ϕ 1 → |ϕ 0 ). However the presence of the term sin θ of Eq. (2) decreases the collective radiance effect by reducing the effective resonator-qubit coupling strength when θ = π/2. The change of the radiance effect is the result of the competition between the symmetry-breakinginduced cascade-transition of decay and the decreasing of effective coupling strength. Thus, in Fig. 4(b) , we see that the maximum radiance strength in the paritysymmetry-breaking system is greater than that in the parity-symmetry-conserving system when λ/ω σ < 0.12. For a weaker coupling strength, the effect from the decreasing of coupling strength is also larger than that of the cascade-transition in the parity-symmetry-breaking system.
V. CONCLUSIONS AND DISCUSSIONS
We have investigated the influences of resonator-qubit coupling strength, resonator-qubit detuning and system parity symmetry on the collective radiance characteristics of circuit-QED system in the ultrastrong coupling regime. We have shown that, besides the ultrastrong coupling strength, the parity-symmetry-breaking will also enhance the collective radiance effect significantly by inducing the cascade-transition between two adjacent dressed states of system. Moreover, the resonator-qubit detuning and parity-symmetry-breaking of system will also shift the positions of subradiance, superradiance and hyperradiance largely. This result provides the potential methods to manipulate the transitions between subradiance, superradiance and hyperradiance via adjusting resonator-qubit detuning or system parity symmetry. Note that usually when referring to the superradiance, it is easy to associate it with superradiance phase transition. However, the model we are considering is a dynamic process, so the superradiance (and hyperradiance) phenomenon in our studying is different from the superradiance involving the ground state in the usual phase transition approach [60, 61] .
In addition, we discuss that the superconducting circuit is an ideal experimental platform for our studying. A possible implementation is in the system that consists of a superconducting coplanar waveguide resonator galvanically coupled to two flux qubits threaded by the external flux bias. In this system, the mixing angle θ can be adjusted by the flux bias threading the qubit loop [20, 30, 44] . In principle, our results are also fit for the acoustic system, and then the new type of photon and phonon laser devices might be inspired by our work.
In future works, it will be interesting to extend the collective radiance to the deep strong coupling regime. In this coupling regime, although it is not easy to calculate the collective radiance effect by numerical and analytical methods in the resonator-qubit resonance system, we can consider a solvable or quasi-solvable model of large detunings [55] [56] [57] [62] [63] [64] . This will bring more interesting results to the study of collective radiance in the systems without RWA.
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